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Abstract

The idea of b-metric-like space is presented first which generalizes the notion of
partial metric space, metric-like space and b-metric space. Some fixed point the-
orems which are established in this space are reviewed and elaborated. Intrigued
by the idea of extended b-metric space provided in 2017, extended b-metric-like
space is introduced. Some fixed point results are established in this new notion.

An example is also provided to validate the main result.
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Chapter 1

Introduction

In the early decades of twentieth century, functional analysis is originated from
classical analysis. Mainly, vector space and different operators are focused in
functional analysis. It is also related to topology, abstract linear algebra and
modern geometry. Its impetus originated from approximation theory, calculus of
variations, ordinary and partial linear differential equations and linear integral
equations has great impact on the development of modern ideas. At its earliest
stage, it was used to solve differential equations and has many wide applications
for non-linear problems. Recently, functional analytic methods are very useful in

different areas of mathematics.

Fixed point theory is one of those branches in functional analysis which are very
useful in the modern era. The fixed point theory provides us with very constructive
tools to study different problems in mathematics. In the last couple of decades, it
has become the main focus and interest for researchers in mathematics. Its origin
from the late 19th century is in sequential and unbroken estimation to construct
the existence, as well as uniqueness of results. This technique is used by many

recognized mathematicians.

In 1912, Brouwer [1] elaborated fixed point result for a square and a sphere in-
cluding their n-dimensional counter parts. In 1922, a very strong result in the
history of mathematics was given by a Polish mathematician, Stefan Banach, [2]
known as “Banach Contraction Principle”. According to this “every contraction

1



Introduction 2

has a unique fixed point in a complete metric space”. Mathematically we can say
“If (X,d) is a metric space and T' : X — X be a self map, which satisfies the
following inequality for ag € [0, 1),

d(Ta, TP) < apd(e, B) ¥V o, € X,

then T has unique fixed point”.

In 1961, by taking the compact space and considering o = 1, Edelstein [3] gen-
eralized the Banach contraction principle. In 1962, E Rakotch [4] worked on the
contractive mappings. He proved the existence of fixed point in complete metric
space using contractive mappings. While in 1964, Micheal Edelstein [5] worked on

the extension of BCP, using the non-expansive mappings.

In 1969, Kannan [6] extended Banach Contraction Principle and proved the exis-

tence and uniquesness of fixed point.

In 1975, Dass et al. [7] extended Banach contraction principle using rational
expressions, which later on, further extended by Dulhare [8] using the self mapping
in b-metric spaces (b-MS). In some generalizations, the contraction mapping is

weakened by changing the contraction conditions (for example, see[4, 9-11]).

The fixed point theory (FPT) was considered an analytical theory at its earlier
stage, but it is further divided into many other fields like topological and metric
FPT.

The idea of metric space was given by Maurice Frechet [12] in 1905. A number of
the generalizations of metric spaces exists in literature. Initially, the generalization
of metric spaces was done by Matthews [13] as partial metric space (PMS) and by

Czerwik [14] as b-metric space in the last decade of 20th century.

In 2014, another mathematician named Shukla [15] worked on these two spaces
and introduced another space named as partial b-metric space. In this dissertation,
b-metric-like space (b-MLS) will be focused on further useful results. There are

many results of fixed point in b-MLS (e.g. see[16, 17]).
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Similarly, many other mathematicians have worked on these spaces for example in
2012, Amini-Harandi [18] an Iranian mathematician presented the idea of metric-
like spaces (MLS) from PMS. He also mentioned the convergence, completeness

and Cauchy criteria for MLS to prove the fixed point results.

In 2013, on the basis of the concepts of b-MS, PMS and MLS, Alghamdi et al.
[19] introduced b-metric-like spaces. By providing some supportive results, authors
proved fixed point results for expansive mappings. They also worked on the b-MLS

which are partially ordered and proved fixed point theorems.

In 2014, Zhu et al. [20] introduced the notion of qausi b-metric-like spaces. He also
gives the criteria for the convergence and completeness, and proved some results
showing fixed points in qausi b-metric-like space. While in 2015, Chen et al. [21]

also worked on b-MLS. He generalizes many related results.

In 2017, Hammache et al. [22] also investigated b-MLS with weak contractions. In
the same year, Aydi et al. [17] established some common fixed point results using
implicit contractions. Many mathematicians [23-26] worked on b-MLS and qausi

b-metric-like spaces from 2013 to date.

In this dissertation, the main focus is to work on b-MLS. The background of b-
MLS, such as its definition, examples, completeness, convergence are adopted as
given in Alghamdi’s article. The detailed review of this article is presented in
this thesis. Alghamdi et al. also proved some basic results in b-metric-like space
to support the uniqueness of fixed point with expansive mappings. An article of
Kamran et al. [27] is the source of motivation to extend some fixed point results

in extended b-MLS.
The details for the rest of thesis work is as under:

Chapter 2:

This chapter includes seven sections. First section contains the definition and
examples of metric space. Second to fourth sections includes the definitions and
examples of different spaces. Section five includes some mappings on metric space.
Section six includes the theory of fixed point and last section contains some fixed

point results with different contractions.
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Chapter 3:
This chapter contains the detailed review of “Fixed point and coupled fixed point

theorems on b-metric-like space” by Alghamdi et al. [19].

Chapter 4:
In this chapter the idea of extended 6-MLS is presented. Examples are also con-
structed for better understanding. Some fixed point results are also established in

this new space.

Chapter 5:

Provides conclusion of the dissertation.



Chapter 2

Fundamental Material

This chapter includes necessary material required for the dissertation. Different
sections are organized for the proper definitions and examples of different termi-
nologies. Also the sections for different mappings in metric spaces and fixed point

theory are organized to elaborate these terminologies clearly.

2.1 Metric Spaces

In 1905, Maurice Frechet [12] who was a french mathematician, gave the idea of
metric space. This idea provides a foundation for metric fixed point theory. This

section includes the definitions and examples of metric space.

Definition 2.1.1.
“A metric space is a pair (X,d), where X is a set and d is a metric on X (or
distance function on X), that is, a real valued function defined on X x X — R

such that for all a;, as € X we have:

(M1) d is real valued, finite and non negative.
(M2) d(ay,az) = 0 if and only if a1 = as.
(M3) d(ay,a2) = d(ag,a1)  (Symmetry).

(M4) d(ay,az) < d(ay,a3) + d(as,az) (Triangle inequality).” [28]
D
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Example 2.1.1.
1. A distance defined on Rasd: Rx R — R

d(ay,as) = |a; — as|

is a metric and (R, d) is known as usual or standard metric space.

2. A metric in the n-dimensional space R™ with respect to the function d : R™ x

R™ — R is defined as

d(a, B) = {Z(ai - @')2}

i=1

where a = (o, g, as, ..., ) and B = (B4, Pa, B3, ..., Bn) belongs to R™.

Example 2.1.2.

Let X = R?, the set of all points in the coordinate plane. For a = (ay,as) and

B = (b1, B2) in X, define

|041—51’ ay = [y

lar| + |B1] + |oa — Bo| a2 # B

d(ev, B) =

(M1) By definition it is clear that d(a, 8) > 0.

(M2) if ay = B, then d(a, 8) =0 < |ag — (1] =0
cSa-—-h=08a=0/< (a,m)=(0,0h)sa=0
If g # fB2, then d(av, ) = |ou| + |Bi] + oz — Ba| # 0.

(M3)
|041 - 51| agy = 3y

lar| + 51| + | — Ba| a2 # Bo

d(a, B) =

181 — o P2 = ay
1] + Joa| + B2 — | B #

= d(B, o)
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(M4)

Let v = (71,72). It is clear by definition of d that

’al - 51’ S d<a75)7 ‘51 - 71‘ S d(ﬁ,”)/) (21)

If Qg = 7o,
d(a,y) = a1 = Bi] = | — B1 + 1 — 7|
By (2.5)
<l|ar =Bl + |61 — | < d(e, B) +d(B,7)
= d(a,v) < d(a, B) +d(B,7).
If ag # 72,

then [y cannot be equal to both as, vs.

Let 3y # auo,

then d(a,v) = |ou| + |71| + g — 72f, a2 # 7

= d(o,7) = |oa| + | = nl + |az = 22|, nl =] =7

= d(a,7) = |oa| +| = Bi + B — nl| + [ag — B2 + B2 — 72

<l|ai| + | = Bi| + 161 — nl + |ag — Ba| + | B2 — 12|

la1| + [B1] + |81 — 1| + |ae — ol B2 = 72

| + [B1] + |81 — 1| + |ag — Bo| + |B2 — 72| Ba # 72

| + [B1] 4|81 — | + oz — o B2 = Y2
lay| + |B1] + | — Bo| + |51 + |7l + B2 — 2| B2 # 72
= d(a,) < d(e, B) +d(B,7), Vo, B,7 € R?

If B3 = 7, then the above inequality can be proved similarly. Hence d is a metric

on R?. This is known as Lift Metric.



Fundamental Material

B(B1,B2) Aay, ay)

o
= > a4
ﬂfl e ﬂfz
d(ﬂ:ﬁ) = |AB| = |9~’1 — 31|
FIGURE 2.1: Case-1
PN .‘_’1’2
C _."-".I:ﬂ'l,ﬂg]'
> A
o
B(Sy, fz) D
a, = P

d(a, B) = |CAl + BDI| + |cD|
= |ﬂ:1| + |JB;|_| + |ﬂf: = ﬁjl

FIGURE 2.2: Case-I1
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Definition 2.1.2.
“Let X = (X,d) be a metric space. A point ag € X and a real number r > 0, we

define the open ball as
Blag;r) ={a e X |dla,ap) <1},
and closed ball can be defined as
B(ag;r) ={a e X |dla,ap) <r}” [28]

Definition 2.1.3.
“A subset K of a metric space (X, d) is said to be open set if it contains a ball

about each of its point which is contained in M.” [28§]

Definition 2.1.4.
“A subset M of a metric space (X, d) is said to be closed set if its compliment

(in X) is open, that is, M® = X — K.” [2§]

Example 2.1.3.
From complex numbers we take X as the set of all bounded sequences so that each

element of X is a complex sequence

o = (n1777277737 )

In short o = ()
so forall k=1,2,3,...,

we have

|77k| S Ca;

where the real number ¢, is dependent on «, but not on k. We take the metric

defined as

d(a, B) = sup [ — &kl
keN

Where 8 = (&) € X and N = {1,2,3,...}. Then the space of all such sequences is

known as sequence space.
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Example 2.1.4.
Suppose that ¢! representing the set of all sequences {a,} in R so that the series

>°0° | || is convergent. Define a function d : ¢' x (* — R as

d(a, B) = Z o, = Bul, Va={a,},8={B8.} € o
n=1

is a metric space.
(M1) to (M3) are obvious.

(M4)

d<047'7) = Z |an - '7n|
n=1
:Z‘O‘n_ﬁn+ﬁn_7n‘
n=1

S ZHOM - ﬂn' + ‘671 - ’Yn“

n=1

:Z|O‘n_6n|+2|ﬂn_7n|
n=1 n=1

= d(a,vy) < d(a, B) +d(B,7), forall a,pB,ye€ "

Hence (¢!,d) is proved as a metric space.

Definition 2.1.5.
“A sequence {a,} in a metric space (X, d) is said to converge or to be convergent

if there is an o € X,

such that
lim d(a,, o) =0,

n—oo

« is called the limit of {«a,} and we write,

lim o, = a,
n—oo

or simply, a,, — a.” [2§]
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Example 2.1.5.

1
Let X =R, and consider a sequence {«, } = —, with
n

d(aaﬁ) = ’Ck—ﬁ|,

{a, } is convergent and lim d(a,,0) = 0.
n—oo

Definition 2.1.6.
“A sequence {«,} in a metric space (X, d) is said to be Cauchy (or fundamental)

if for every € > 0 there is an N = N(¢) such that
Ao, o) < &,

for all m,n > N.” [2§]

Remark 2.1.1.

Every convergent sequence is known as Cauchy sequence but converse is not true.

Definition 2.1.7.
“The space X is said to be complete if every Cauchy sequence in X converges

(that is, has a limit which is an element of X).” [28§]

Remark 2.1.2.
The complex plane C and the real line R are the examples of complete metric

space.

Definition 2.1.8.

For the comparison of two binary data strings, we can use the hamming distance.
We can achieve this purpose by comparing two such binary strings which are equal
in length. Hamming distance is defined on the basis of bit positions describing
where the the two bits differ by each other. For the two strings p and ¢, Hamming
distance is denoted by d(p,q). It is calculated by performing XOR operation

between the two strings.

Example 2.1.6.
Let X be the set of all binary strings of length 9. Consider the two strings
100110110 and 101110011.
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100110110 ¢ 101110011 = 001000101

As it contains three 1’s. So, its Hamming distance is described as
d(100110110,101110011) = 3.

Example 2.1.7.
Let X be the set of all such functions «, 3, .... which are real-valued functions.
These are functions of real variable s which is independent and also the functions

are continuous and defined on a closed interval K = [p,q]. Choosing a metric

defined as
d(a, B) = max|a(s) — B(s)],

seK

we get a metric space denoted by C|p, ¢]. This space is known as function space

because each of its point is a function.

2.2 Partial Metric Space

This section is dedicated to the notion of PMS. In 1980, the idea of PMS is
presented by Steve Matthews [13]. Matthews was working in the field of Computer
Science. For his studies, he had to encounter the self distances which are non-zero.
Matthews gave a new idea of metric space in which the self distances are non-zero.
His work was first published in 1994. This section includes the definition and
examples of PMS.

Definition 2.2.1.
“A partial metric on a (nonempty) set X is a function p : X x X — R, such that

for all a1, as, az € X:
(P1) a1 = as & play,a1) = p(ar, az) = p(az, az);
(P2) p(a1,a1) < plaq, az);

(P3) play, a2) = p(ag, a1);
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(P4) p(ar, as) < play, az) + p(az, as) — plaz, az).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is

a partial metric on X.” [29]

Example 2.2.1.
Consider any X =R, and let p: X x X — R, which is defined as

pla, f) = max {a, B},

this gives (X, p) as PMS.
(P1) to (P3) are obvious.

(P4)

pla, ) = max {a, v}
<max{a+ B —B,7+ 8- B}
— max {a, 8} + max {8,7} — max {3, 3}
= pla, B) + p(B,7) — p(B, B)-

= pla,y) < pla, B) + p(B,7) — p(B,8).

This shows that the given function is a PMS.

Definition 2.2.2.

“Let (X, p) be a partial metric space.
(i) A sequence {a,} in a partial metric space (X, p) is said to be convergent to
a point a € X if and only if

pla,a) = lim p(a, az).

(ii) A sequence {«,,} in a partial metric space (X, p) is called a Cauchy sequence

if there exist (and is finite)

m  p(am,, a,).
m,n—00
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(iii) A partial metric space (X, p) is called complete if and only if every Cauchy

sequence {a,} in X converges to a point & € X

such that

pla,a) = lm  p(a,, ap).”  [30]

m,n— 00

2.3 b-Metric Space

The notion of b-metric space was firstly presented by Bakhtin [31] in 1989. Also
in 1993, Czerwik [14] gave its formal definition. Another mathematician Bourbaki
[32] also worked on this idea. This section includes the definition and examples of

the said space.

Definition 2.3.1.
“Let X be a set, and § > 1 be a real number. A function dg : X x X — RT is
said to be a b-metric on X, and the pair (X, ds) is called a b-metric space if, for

all ay, as, ag € X,

(BM1) dg(a1,a2) = 0 if and only if a; = ao,

(BM2) dg(aq, az) = dg(az, a1),

(BM3) dg(ay,as) < B(dg(ar,az) + dg(as, az)).” [33]

Remark 2.3.1.
i. As b-MS is originated from metric space, so if we choose 8 = 1, then the above

condition leads towards the metric space.
ii. The set of b-MS is bigger than the set of metric spaces.

Example 2.3.1.
Let (X, d) be a metric space. Then for a real number m > 1. we define a function
dy: X x X = R* by

dgi (@, f) = (ds(ev, B))"™,

this gives dg; as a b-MS with its coefficient § = 2™~
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For proof we will use the inequality

(228)" cam i
2 - 2

(a+p8)" < o™+ g™
2m - 2

(a+B)" < 2™ (™ + B™).

Since for every a, 3,7 € X we get

(BM1)

dg1 (v, B) = (dg (o, 3))™ = 0.
= dg (Oé,ﬂ) =0.

= a=0.

(BM2) Clearly, it holds.

(BM3)

dﬁl (Oé, 7) = (dﬂ (av 7))m

IA

[ds (o, B) + dg (B,7)]" -

2" dg (o, )" +ds (B,7)"].
2" ds (a, B) + dsn (B,7)]
= dg(c,7) < Blds(e, B) + da(B,7)] -

IN

IN

Hence the given function dg; represents a b-MS having coefficient 2”1

Example 2.3.2.
Consider the set X = [0,00) and define dg : X x X — [0,00) by

ds(p,q)=Ip—ql’>, V pgeX.

Then (X, ds) is a b-MS with 5 = 2.

(BM1) and (BM?2) are obvious.
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(BM3)

dg (p,r) =|p—7|?
=lp—q+q—r]|
=lp—qP+lg—rP+2|p—qllg—r]
<2[lp—qP+lqg—r[

= dg (p,r) = 2[ds (p,q) + ds (¢,7)]
Hence the given function represents a b-MS having coefficient 2.

Remark 2.3.2.

“Let (X, dg) be a b-metric space. Then in general b-metric is not continuous.” [34]

Following example illustrates the above remark.

Example 2.3.3.
Suppose X = NU {oo}. Define a function dg: X x X — R as

0 if  s=t,

% — % if one of the s,t is even and the other is also even or = o0,
dg(s, If) =

7 if one of the s,t is odd and others is also odd s # t or 0o

2 otherwise

Now we can check that for every s,t,r € X, we get

da(s,r) <

;(dg(s,t) + ds(t,r)).

So (X,ds) is a b-metric space with coefficient (3 = I). Suppose z; = 2t for every
t € N, then

1
dﬁ(Qt,oo):§ — 0 as t — oo,

now, {z;} — oo, but d(z;,1) =2 # 7 =d(c0,1) as t — 0.

Definition 2.3.2.

“Let (X, dg) be a b-metric space. A sequence {a,,} in X is said to be:
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(i) Cauchy if and only if

lim dg(am,,) =0 as m,n — oco.
m,n— o0

(ii) Convergent if and only if there exist @ € X such that dg(an,a) — 0 as
n — oo and we write

lim o, = a.
n—oo

(iii) The b-metric space (X, dg) is complete if every Cauchy sequence is conver-

gent.” [27]

2.4 Metric-Like Space

The generalized form of PMS is MLS. In 2012, the idea of MLS was presented by

Amini-Harandi [18]. This section includes the definitions and examples of MLS.

Definition 2.4.1.
“A mapping ¢ : X x X — R, where X is non empty set, is said to be a metric-like
on X if for any aq, as, ag € X, the following three conditions hold true for the

given mapping;:

(ML1) ¢(a1,a2) = 0= a; = as;

(ML2) ¢(a1, az) = ¢(az, ar);

(ML3) (a1, a3) < p(a1, a2) + ¢(az, az);

The pair (X, ¢) is called a metric-like space.” [18]

Example 2.4.1.
Consider the set X =[0,00), and ¢ : X x X — R by

(a1, as) = max{a,as},

we claim that ¢ is a metric-like space as:
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(ML1)

o(ay, ay) = max{ay,as} =0
= a1 = A9

If the maximum is 0, then the other values of this function should must be less
than 0, which is not possible due to the given domain X = [0,00). So, the other

values will also be 0.

(ML2)
(a1, ay) = max{ay, as} = max {ag, a1} = p(az, a;)
(ML3)
(a1, a3) = max{a, as}
< max{ay, az, as}
< max {a, as} + max {as, az}
So,

Qp{ab a3} < gp{a'la CLQ} + QO{CLQ, a3}

Definition 2.4.2.
“A sequence {«a,} in a metric-like space (X,¢) is said to be convergent to a

point a € X if and only if

lim o(an.a) = p(a,a),

n—+oo
exists.” [18]

Definition 2.4.3.

“A sequence {a,} of elements of X is called Cauchy if the limit liII}‘r o, )
m,n——+00o

exists and is finite.” [18]

Definition 2.4.4.

“The metric-like space (X, ) is called complete if for each p-Cauchy sequence
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{a,}, There is some o € X such that

lim (o, o) =p(a,a) = lim  @(am,a,).” [18]

n—-+o0o m,n—-+00

2.5 Mappings on Metric Spaces

This section addresses some important mappings on metric space. These mappings

play a fundamental role in the field of metric FPT.

Definition 2.5.1.
“Let (X,d) and (), d*) be metric spaces. A mapping 7 : X — ) is said to be

continuous at a point oy € X if for every € > 0, there is a 6 > 0 such that

d(Ta, Tay) <€ forall asatistying d(a,ap) < 9.7 [2§]

FicUure 2.3: Continuous Mapping

Theorem 2.5.2
“Consider a mapping 7 : X — ) of a metric space (X,d) into another metric

space (X, d*). The mapping is said to be continuous at a point oy € X iff

ap — ag  yields  Ta, = Tag.” [28]
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Proof.
Let the mapping 7 be continuous at ag. Then for any € > 0 there exists § > 0
such that

dla,ap) <0 yields d(Ta,Tag) <e.

Consider «a,, — a. So, an N exists there such that for each n > N,

implies

d(am, ap) < 9.

Therefore, for every n > N|

d(T o, Toy) < €.

By definition, this yields

T, — Tap.
Conversely we consider
ay — Q.
This yields
To, — To.

To prove T is continuous at ag. Assume that this is not true. So there exists an

e > 0 so that for every § > 0 there exists an a # «y,

satisfying
dla,a,) <0 but  d(Tao, Tay,) > e.

1
Particularly, for 6 = — there exists an «,, satisfying
n

1
dla,a0) < — but  d*(Ta,Tag) > e.
n
Now, v, — a but (T «v,) not converges to (T ap). This contradicts our supposition.
So, Ta,, — Tag. ]

Definition 2.5.3.

“Let (X, d) be a metric space. A mapping F : X — X is said to be Lipschitzian
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if there exist a constant ¢ > 0 such that

d(Faaf,B) S 5d(a75)7

for all o, 5 € X.

The smallest number € for which the above inequality is true is called Lipschitzian

constant.” [35]

Example 2.5.1.
Consider the set X = R? consisting of all column vectors, and let a metric space

d is defined as

d(, B) = /(a1 = $1)? + (s = )2,

Assume F : X — X be a mapping which is defined as

3 0 (0%} Qg
A= , 8 = and u =
o

d(F(s), F(u)) = d(3s,3u)
= V(31 — 341)? + (3 — 33,)?
= 3d(s,u)

So, F is Lipschitzian.
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Example 2.5.2.

Consider a set X = R coupled with the usual metric. A mapping F : X — X

defined by F(s) = 2s. Then

= |25 — 2t

= 2|s — ¢t

= 2d(s, t)
= F(s) =2s

So, F is Lipschitzian and its Lipschitz constant is 2.

Definition 2.5.4.

“Let (X, d) be a metric space. A mapping F : X — X is said to be contraction

if there exist a constant € € [0, 1), such that for all o, 5 € X

d(]:omfﬁ) S 8d(0[7ﬁ)7

where ¢ is called contraction constant.” [35]

Remark 2.5.1.

Geometrically, by a contraction, we mean any points «, 5 € X have images 7,

and 73 are more closer than those points.

Example 2.5.3.

Consider X = [0, 1] and the usual metric . Also let F : X — X defined as

1 .
.F(a):b+& given (b >1).
So,
dIF (o), Fla)] = d(——, -
), W)= b+0&17b+6¥2
1 1

b+a; b+ as
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(b+ az) — (b+ 1)
(b+ar)(b+ ay)
(b4 aq)(b+ a2) |
1

(b+a1)(b+ as)|
1

(b+0)(b+0)]

= \041—042“

< ‘Oél—OQ’l

1
= §|041 — ay

=ed(ay,9) where €= bl?
= d[F(a1), F(oe)] < ed(o, as).

Hence, the given mapping is a contraction.

Example 2.5.4.

Consider F : R” — R" be any linear mapping with matrix

M (mij)z J=1,...., n
such that
n
> lmyl <1
j=1
for each i = 1, ....,n. It is a contraction with respect to the metric

d(§777) = d((§1,£2, "'75”)7 (77177]27 Jnn)) = max |€”L - 77%|

1<i<n

Consider 5 - (517527537547 7§n) and n= (771777277]3,7747 77]71) where both 5777 S
R™ and

Now 0 < € < 1 and assuming F # 0.

Then

d(./—'f,]:?’]) = d ((Z mijfj, ....,Zmnj§j> s (Z mijnj, ....,Zmnjnj>>
j=1 j=1 j=1 j=1
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n n

1§i§n| E i€ § : 23773|
j=1 j=1

1<i<n

< (112222 |m¢jl> (&5 — )]

J=1

= max | > mi;(& — ;)]
j=1

< ed(&,n).

Hence F is a contraction.

Definition 2.5.5.
“Let (X,d) be a metric space and F be a self map, F is called a contractive

mapping if, for all o, 8 € X

d(F(a), F(B)) < d(a, B),

where o # 5.7 [35]

Example 2.5.5.
Let a usual metric space (X,d), and X = R. Consider F : X — X be a mapping
which is defined by

F(t) = % given (> 1),

So,
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= d[F(tl),I(tg)] < d(tl,tg).

Hence, the given mapping is contractive.

Example 2.5.6.

Consider the set X = [1,00) with the usual metric, and define F : X — X as
1

.F(S) = s+ g

q
1 1
— (s 42— (g + )]
1 1
Cs—gt il
S q
S
=ls—q+ |
sq
(s —q)(1 — )]
= S — _ —
q ”
=|s—q||1 — —]|

= F is contractive.

Definition 2.5.6.
“Let  : X — X be a mapping on metric space (X,d) into itself. We call F
non-expansive if,
d(Fo, Fp) < d(a, ),
for all a, 6 € X.7 [5]

Example 2.5.7.
Consider a set X = R coupled with the usual metric, a mapping F : X — X
defined as Fa = a.

Then

d(Fa, FB) = |Fa — Fp|
= Ja— 4|
= d(a, )
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Hence F is non-expansive.

Remark 2.5.2.

Contraction = Contractive = Non-Expansive = Lipschitzian.

Definition 2.5.7.
“Let (X, d) be a metric space. A mapping F : X — X on (X, d) such that

vV oa,feX dFa,Fp)=d(a,p),

is called an expansive mapping.” [306]

Definition 2.5.8. Types of Expansive Mappings
“Let (X, d) be a metric space.

i. An expansion F : X — X on (X,d) such that

V o, e X d(Fa,FB)=da,p),

is called an isometry, which is the weakest form of expansive mappings.

ii. An expansion F : X — X on (X,d) such that

3 o, feX,a#p:dFa, Fp)>d(a,p),

we call it a proper expansion.

iii. An expansion F : X — X on (X,d) such that

V a,€X,a#p:d(Fa, FB) > d(a, ),

we call it a strict expansion.

iv. Finally, an expansion F : X — X on (X, d) such that

3 E>1 V opf€eX dFa,FB) > Eda,p),

we call it an anticontraction with expansion constant E.” [36]
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2.6 Fixed Point

Fixed point is a useful tool in mathematics which can be used to prove the existence
of solution of a differential equation, integral equation and eigen value equation.

Present section is providing the definition and examples of fixed point.

Definition 2.6.1.
“A fixed point of a mapping F : X — X of a set X into itself is an oy € X which
is mapped onto itself (is kept fixed by F),

that is,
]:(Oéo) = (O,
the image F(ag) coincides with «y.” [28]

Example 2.6.1.
i. Consider F : R — R be a mapping which is defined as

F(p)=p*—3p+3,

then p = 1,3 are the fixed point of the given mapping. (see Figure 2.4)
ii. Consider F : R? — R? be a mapping which is defined as F(a) = Aq,

where

0
01

A:

then F(a) = Aa = a for all @ € R%. Here F has infinite fixed points. Geometri-

cally, this function rotates the point at the angle 27.

1 1
iii. Consider F : C|[0, 5] — CJ0, 5] be a mapping which is defined as

Fe®) = te(t) +1) ¥ s(t)EC[O,%],

t
then e(t) = 1

; is a fixed point of F.
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iv. Consider F : R — R be a mapping which is defined as

66

C14ef]

Fe)=¢

has no fixed point. (see Figure 2.5)

If we consider the real valued function, fixed point is the point of intersection of
the curve y = f(z) and the line y = x. This fact is shown by the following graphs

of different functions.

FIGURE 2.4: Graph of Function F(p) = p* — 3p + 3.

A

2 i /1

~

eOé

FIGURE 2.5: Graph of Function F(a) = o — .
1+ex
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FIGURE 2.6: Graph of Function F(p) = p3 + 1.

2.7 Some Classical Fixed Point Results

In this section, some fixed point results in different mappings are mentioned. All

of these results have their own importance in the history of mathematics.

Theorem 2.7.1 Banach Contraction Principle
“Consider a metric space X = (X.d), where X # ¢. Let X is complete and
F: X — X be a contraction on X. Then F' has precisely one fixed point.” [28]

Proof.

Choose ap € X and define {a,} inductively by iterating process
Apt1 = FOén (22)
From (2.6), starting with ag, we have

ozleozo; OZQIFOQIF(FCY())IFQO(().

as = Fay = F(Fap) = Fay.

n
Oén:F Q.
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Since, F'is a contraction, it follows that

d(anyan—l—l) = D(Fan—lyFan) < 5d<an—17an)
Fan—QuFan—l)

S 5(d<F05n727 Fan71>> = gzd(anf% Oénfl)

IN

e3d(an_3, o)

< e"d(ag, aq).

= d(an, apyr) < e"d(ag, aq).
Now suppose that m > n and then by triangular inequality, we have

Ao, ) < d(ap, i1 + oo+ d(Qm—1, am)).
S €nd(040, Oél) + 6”+1d(a0, Oél) + ...+ €m_1d(0407 O[1>.

< (€n + €n+1 + ...)d(Oéo, Oél).

- (15—1) d(co,a1).

n

— 0 as n — 0.

. €
Since, e <1 =
1—¢

It follows that the sequence {«,} is Cauchy. But X is also complete. Then, an

« € X exists there such that o,, — .

then we claim the point ‘o’ is a fixed point of the mapping F'.

Since
lim o, = a,
n—o0
and
lim a1 = a.
n—oo
Now,

Fa=F(lim a,) = lim Fa, = lim o, = a.
n—oo n—0o0 n—oo
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Hence, « is a fixed point of F.

For the uniqueness, suppose that g € X is another fixed point of F', so that o # (3
and F'(5) = .

Hence F' has a unique fixed point. O]

This result doesn’t only provide the criteria for the existence and uniqueness of
fixed point, but it also provides the technique to find that fixed point. The most

interesting fact is that it gives the error estimations.

Theorem 2.7.2 Extension of BCP on Partial Metric Space
“Let (X, p) be a complete partial metric space, € € [0,1) and F' : X — X be a

given mapping. Suppose for each a, 5 € X the following condition holds:

p(Fa, F3) < max{ep(e, 8), p(a, @), p(, B)}-

Then:
1. the set X, is nonempty.
2. there is a unique ag € X, such that Foy = ay.

3. for each a € X, the sequence { F"a},>1 converges w.r.t the metric p® to oy.” [37]

Remark 2.7.1.
“If (X, p) is a partial metric space, then p*(a, 8) = 2p(a, B) — p(a, ) — p(B, B) is
a metric on X for all a, f € X. 7[37]
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Theorem 2.7.3 Extension of BCP on b-Metric Space
“Let (X, dg) be a complete b-metric space and let F': X — X satisfy

d[F(a), F(8)] < ¥ld(e, B)],

for all a, 8 € X, where ¥ : Rt — R* is increasing function such that

lim ¥"(s) =0,

n—oo

for each fixed > 0. Then F' has exactly one fixed point z and

lim d[F"(a),z] =0,

n—o0

for each o € X.”[14]

Theorem 2.7.4 Extension of BCP on Metric-Like Space
“Let (X, ¢) be a complete metric-like space, and let F': X — X be a map such
that

p(Fa, F§) < §(M(a, §)),

for all o, B € X, where

M(a, B) = max{p(a, ), p(a, Fa), o(B8, FB), p(a, FB), (B, Fa), o(a, a), ¢(5, 8)},

where ¢ : [0, 00) — [0, 00) is a non-decreasing function satisfying

€(s) <s forall s>0, lim¢(p)<s foral s>0and lim(s—¢(s)) = occ.

p—st s—00

This F' has a fixed point.”[18]



Chapter 3

Fixed Point Results on

b-metric-like Spaces

In 2013, the idea of b-MLS was prsented by Alghamdi et al. [19] in which authors
generalized the concepts of PMS, b-MS and MLS. Some other authors also worked
on the existence as well as the uniqueness of fixed point in newly introduced b-
MLS and proved the uniqueness of fixed points as well [21]. To provide the detailed
review of this article, some definitions are presented first to give a good elaboration

of the main result.

3.1 Some Basic Tools

The idea of b-MLS is originated form the concepts of PMS with MLS and b-MS.

b-MLS is the generalized form of many spaces.

Definition 3.1.1.
Consider a non-empty set X, a function g : X x X — [0, 00) is said to be a b-ML

such that for each aq, as, a3 € X and a constant k > 1, it holds the following.
(BM1) o(ai,as) =0 = a; = ay;
(BM2) (a1, az) = o(az, a1);

33
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(BM3) o(a1, a3) < k(o(ar, az) + o(as, as)).
And (X, p) is known as b-metric-like space. [19]
Example 3.1.1.

We take X = [0,00). Consider g : X? — [0,00), Define a function by

o(ay,az) = (a1 + CL2)2,

then it is a b-MLS and its constant is 2.
(BM1)and (BM2) are obvious.
(BM3)
o(ar,az) = (a1 + a2)2
< (a1 +as+as+ a2)2
= ((Il —|— CL3)2 —|— (Cl,g + CLQ)Z —I— 2(&1 + ag)(ag —|— CLQ)
S 2[(&1 + a3)2 + ((13 + a2)2]
= 2[o(ay, az) + o(as, az)]
= ol(a1,a2) < klo(a1, as) + o(as, az)|.
Hence, the given function is a b-metric-like space.

Remark 3.1.1.
Note that the above mentioned example is a b-MLS but clearly, it is not a b-MS
or a MLS.

Example 3.1.2.
Let X =[0,00). Consider g: X? — [0,00). Then we take a function

o(a, ) = (max{e, #})*

then (X, o) is a b-MLS and its constant is 2.

(BM1)and (BM2) are obvious.
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(BM3)

o(a, B) = (max{a, B})’
< (max{a, §,7})*
(max{a, 8})* + (max{B,7})?
< 2[(max{a, 8})? + (max{f,7})?

= o(a, B) < klo(a, B) + o(B,7)]-

IN

Hence, the given function is a b-MLS.

Definition 3.1.2.
Consider a b-MLS (X, 9). Also let an o € X and some r > 0, so

B(a,r) ={B € X :|o(a, B) — o(a, )| < 1}

is an open ball whose radius is  and centered at a.

Definition 3.1.3.
Consider a b-MLS (X, p). Also consider a sequence {a,,} containing the points of
the set X. Then any o € X is said to be the limit point of {a,} if,

lim o(a, o) = o(a, ),
n—oo

and the sequence {«,} is said to convergent.

Definition 3.1.4.
Consider a sequence {a,} in a b-MLS (X, p), it is known as Cauchy sequence
iff,

lim  o(av,, am),
m,n—o0

is a finite number.

Definition 3.1.5.
If every Cauchy sequence {«,} is convergent to o € X, then the b-MLS is called
complete H-MLS.
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Proposition 3.1.1.
Consider (X, p) is a b-MLS. Let k > 1 and {«,} be a sequence in the set X such
that

lim o(a,, o) =0,

n—oo

then for all o € X.

1. « is unique.

1
2. —o(a, B) <limy, o 0(ap, B) < ko(a, ) forall g e X.
K

Proof.
For the proof of (1.)

Using the assumption that there exists another f € X such that

lim o(ay,, B) =0,

n—o0

=0 < o(f,a) < k(lim o(a,, B) + le o(a,, @) =0,

n—o0

this implies

Now, to prove (2.)

Since
o(a,7) < wlo(a, B) + o(B,7)]-

Therefore,

1

Zo(a, B) = lim o(an, @) < lim olan, ) < r(o(a, B) + lim o(ay, a))

K n—00 n—00 n—00

1

= —o(a, ) < lim o(an, B) < kola, §) lim o(an, @) ¥ § € X.
n—oo n—oo

Hence proved. O

Definition 3.1.6.
Consider a b-MLS (X, 0) and also assume that U is a subset of the set X. Then
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U is said to be open subset if for each o € U there exists some r > 0 such that

U2 Ba,r). [19]

Definition 3.1.7.
The set V is said to be closed subset of X if V¢ is open in X. [19]

Proposition 3.1.2.
Consider a b-MLS (X, o) and let the set V be any subset of the set X. Then for
any sequence {a,} contained in V is closed if and only if {«,} converges to « for

any o € V.

Proof.
Firstly, we assume V to be closed and o ¢ V. Then V¢ is open. So, an r > 0 exists

there for which V D B(a, 7). Also a,, — « as n — oo. Therefore,

lim |o(ap, a) — o(a, )| = 0.

n—oo

So, for all n > ng, there exists an ng € N, which gives

lo(an, ) — o(a, )| < 7.

This leads to a contradiction, because for every n > ng there exists,

V2 Bla,r) 2 {an}.

As for every n € N, {a,,} is subset of V.

Conversely, we assume {«a,} be any sequence in V convergent to «, this gives

a € V. Letting § ¢ V to prove that there exists any ry > 0,

which implies,

VN B(S,ry) = ¢.

Assuming contrarily that for every r > 0 implies

VNB(B,r) # ¢.
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Therefore, for every n € N take,

O%GVDB(B,%)#gb.

This implies,
1
lolan, ) —e(B, )l <~ ¥ neN.

Therefore, o, — 8 as n — co. Which contradicts to our supposition that V gives
p € V. Therefore, there exists 1o > 0 for every 5 ¢ V such that V N B(f5,ry) = ¢.
Which confirms that, V is closed. O

Lemma 3.1.3.

Consider a b-MLS (X, g). Also let X D {a;}72,. Then
0(am, ap) < Ko(ag, 1) + ... + Ko(m—2, m—1) + K™ Y olapm_1, o).

Lemma 3.1.4.
Consider a b-MLS (X, ¢), and consider {3,} be any sequence in it. If for some

1
and L >1,0< pu < i and for every n € N such that

0(Bn, Bn + 1) < po(Bn-1, ).

This leads to  lim o(8,,, 8,) = 0.
m,n—00

Definition 3.1.8.
Consider a b-MLS (X, ) and define a mapping D*: X x X — R" by

DS(C17<2) = |2Q(C17C2) - (Q(Clacl) - Q(<27C2)|

Here, D*((1,(1) =0 V (e X.

Definition 3.1.9.
Let ¢Z denote the class of all functions & : (0, 00) — (Z?, c0) holding the condition

E(up) = (IHT = u, — 0, (3.1)

and Z > 0.
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3.2 Fixed point Results

The idea of b-MLS is widely used by different researchers for the existence and
uniqueness of fixed point (See for example [38-42] ). This section includes some
results showing fixed points in 5-MLS endowed with expansive mappings. These
results are generalization and extension of some old fixed point theorems. Some

useful examples are also provided to validate the results.

Theorem 3.2.1
Consider a b-MLS (X, d,) which is complete. Assume 7" : X — X be any mapping

which is onto and it satisfies;
o(Ta, TB) > [Q + M min{D*(e, Tax), D*(8,TB), D*(er, TB), D*(B, Texr) }oex, B)
(3.2)
V «a,pf € X, where Q > K, M > 0. Then the mapping 7" has a fixed point.
Proof.
Assume any oy € X, as T' is onto, then a; € X exists there,

such that

ayg = TOél.
Applying this process further,

we have

an =Tapy forall n e NU{0}.

So that if

Qg = Qpgy1 for each  ng € NU{0},
then obviously a,, is a fixed point.

Now by assuming

Qp # On+t1,

for every n.
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Using o = o, and ff = 41 in (3.2) gives

o(Tay, Tayq) >[Q + M min{ D*(«v,, Tev), D* (g1, Tovni1),
D* (o, Tomg1), D* (g1, Tan) Fo(om, o)

= o(ap_1, ) >[Q + M min{D*(cv,, p_1), D*(ny1, ),
D*(an; an), D*(s1, 1) Ho(am, o)

:Qg(am an+1)'

This implies
o(an, A1) < ho(ay-1, ),

1 1
where h = — < —

Q K
Therefore Lemma 3.1.4 yields

lim  dy(a,, ) = 0.
m,n—00

Now, As lim o(an, o) = 0 exists finitely, which implies that the sequence {a,}
m,n— o0
is Cauchy. As (X,dy) is a b-metric-like space and is also complete, this implies

that the sequence {a,} in X is convergent to some p € X,

such that

lim o(ay,p) = o(p,p) = lim o(ay, ay) = 0.

m,n—00

Since 7' is onto, so that some w € X exists there which implies
p="Tv.
From (3.2), we have the following

Q(ana U) :Q(T&n—i-la TU)
>[(Q + M min{D*(ay41, Tany1), D*(v, Tv), D (a1, T),
Ds(va Tan+1)}]g<an+1a U)

=[Q + M min{D*(ay+1, ), D*(v, p), D*(an41,p),
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D? (U7 an)}] Q(an+1’ U)'

Using limit n — oo, we have
0= lim Q(an;p) 2 Q lim Q(an-‘rlvv)‘
n—oo n—oo

Hence we have,

lim o(ay41,v) =0.
n—oo

we get p = v which implies p = T'p. O

Corollary 1.
Consider (X, 0) be a b-MLS which is also complete. Assume 7" : X — X which is

onto and it satisfies

o(Te, TB) =2 Qo(e, B) (3-3)

for each o, 8 € X, and @ > K. This gives the fixed point of mapping 7.

Example 3.2.1.
Consider X = [0,00) and p: X x X — [0, 00) which is defined as

o(ar,az) = (ay + @2)2-

It is obvious that, (X, ¢) is b-MLS with constant 2 and it is also complete. Define

a mapping 7' : X — X as

Tay ifa; €10,1),
Ta, = 6a; +2 ifay € [1, 2),
S5a1+4 ifay € [27 OO)

Obviously, T is onto. Now, we check the following cases:

i. Assume that aq,ay € [1,2), So

o(Tay, Tay) = (Tay + Taz)?* = 49(a; + a)* > 3(a; + az)? = 30(ay, az)
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ii. Assume that a,as € [1,2), So

o(Tay, Tay) = (6a;+6a3+2)* > (6a1+6a3)* = 36(a1+az)? > 3(a;+as)?* = 3o(ar, az)
iii. Assume that a1, ay € [2,00), So

o(Tay, Tay) = (5a;+5as+4)* > (5a1+5a;)* = 25(a1+az)? > 3(a;+as)? = 3o(ar, az)
iv. Assume that a; € [0,1) and ay € [1,2), So

o(Tay, Tay) = (Ta;+6as+2)* > (6a1+6a3)* = 36(a1+az)? > 3(a;+as)? = 3o(ar, az)
v. Assume that a; € [0,1) and ay € [2,00), So

o(Tay, Tay) = (Ta;+5as+4)* > (5a1+5a;)* = 25(a1+az)? > 3(ai+as)?* = 3o(ar, az)
vi. Assume that a; € [1,2) and as € [2,00), So

o(Tay, Tay) = (6a;+5as+4)? > (5a1+5a;)* = 25(a1+asz)? > 3(ai+as)? = 3o(ar, az)

So, o(Tay, Tas) > Qo(ay,ay) for each aj,a0 € X, and Q =3 > 2 = k. So it
satisfies the conditions in Corollary (3.1). Hence a; = 0 is the fixed point of the
mapping 7'.

Theorem 3.2.2
Consider a b-MLS (X, o) which is complete. Using the assumption that 7' : X — X

is a self mapping which is onto and it satisfies
o(Ta,TB) = E(o(e, B))o(e, B), (3.4)
for every a, 8 € X, and € € ¢%. This leads to a fixed point of the mapping 7'.

Proof.

Consider any «ag € X, As in the given mapping, 7' is onto, This implies that
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a1 € X exists there such that

Qp = TOél.

Continuing the process further, we have
a, =Ta,;, for every n e NU{0}.

For some case if

Qg = Qpgy1 for any  ng € NU{0},

then obviously a,, is a point which is the fixed point of 7. Then by assuming that

ayp # apyq for every n. Taking o = a,, and § = a,,41 and using in (3.4) it follows;

o(an—1, ) = o(T'ay, Tani1) = E(o(an, 1)) 0(an, Qo)

Z KQQ(anaan—&-l) Z Q(anaan—i-l)-

Therefore, the sequence {o(a,,a,11)} in RT is decreasing sequence. So, for any
r > 0 so that

lim oo, apyr) =7
n—oo

Then by taking the supposition contrarily that » > 0, Then by the above expres-

sion, we have

l€2 Q(an—la an) > Q(an—ly an)

> > E(o(am, > K?
Q(anaan-‘rl) Q(anvan+1) ( ( ! ”+1))

Now as n — oo, by using limit, it leads to

lim E(o(an, any1)) = K2

n—oo

Therefore,

0= lim &(o(an, api1)) =1

n—oo

which leads to a contradiction, so » = 0. Now we claim

lim sup o(a,, ) = 0.
m,n—00
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Assume on contrary

lim sup o(ay,, @) > 0.

m,n—00

Therefore, from (3.4), this implies

Q(an7 O-/m) = Q(Tan-l—la Tam—f—l) Z g(Q(an+17 am+1))9(an+17 am—i—l)-

This implies,
(o, am)
E(o(ans1, i

2 Q(an+1> am+1)'
)
Now, from the third property of b-MLS, it gives

Q(am am) < /{Q(ana an—H) + KQQ(an—i—lv am+1) + KQQ(O‘m-Ha am)

Q(am am)
E(o(any1, my1

< HQ(Oén, an+1) + )) + R2Q(Oém+1’ am)‘

Hence,

/{2

O\Cpyy Qi S 1_
( )<l E(o(ant1, Omi1

))]_1(/{9<ana an—I—I) + ’f2Q<Oém+1, am)).
Taking m,n — oo and using the facts that

lim sup o(ay,, ) > 0,

m,n—00

and
0= lim o(av,, pe1) =,
n—oo
we have
| L.
lim sup{l — T =00,
m,n—00 g(@(an+17 CYerl))

this implies
lim sup €(o(v 11, mi1)) = (k)T
m,n—00

Y

therefore

lim sup Q(an-i-la am-i—l) = O,
m,n— o0

which again contradicts.



Fized Point Results on b-metric-like Spaces 45

Therefore,

lim sup o(a,, ) = 0.
m,n—00

Now, as lim supo(a,, a,,) = 0, exists finitely, Hence it comes that {«, } is a Cauchy
m,n— o0

sequence. As (X,d) is a b-MLS and is also complete. Also, the sequence {a,} is

convergent in the set X to some ¢ € X. Therefore,

lim o(an,q) = 0(q,q) = lim o(ay, ) = 0.

m,n— oo

For the onto mapping 7', some w belongs to X so that ¢ = Tw. To prove w = ¢,
let us assume on contrary that g # w. Then the inequality (3.4) yields

o(ay,q) = o(Tayi1, Tw) > E(0(n1,w))o(Ant1w)-

Now in the above mentioned inequality, by proposition (3.1.1)(2) and limit n — oo
, this implies

1 . .
— lim €(o(ant1,9)e(q,w) < lim E(o(ans1,w)) lim o(ani1,w)

K n—00 n— o0

< lim o(ap, q)

T n—oo

=0.

Therefore

7111—)120 g(@(an-‘rl? q)) = 07
which leads to a contradiction.

So, K% < limy, 00 E(0(ns1,q)). As k2E(u) for each u € [0, 00).

Hence

Therefore,

q=Tw="1Tq.
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Corollary 2.
Consider a PMS (X, p) which is also complete. Using the assumption that T :

X — X be a self mapping which is onto and it satisfies

p(Ta, TB) > E(p(ar, B))p(v, B). (3.5)

for every a, 3 € X, and £ € 1}, This leads to a fixed point of T'.

Corollary 3.
Consider a MLS (X, ¢) which is also complete. Using the assumption that T :

X — X be a self mapping which is onto and it satisfies

o(T¢, Tn) = E(p(¢,m)e(C,n), (3.6)

for every (,n € X, and € € ¢§. This leads to a fixed point of T'.

Corollary 4.
Consider a b-MS (X, dg) which is also complete. Using the assumption that 7" :

X — X be a self mapping which is onto and it satisfies

d5<T047T5) > g(dﬁ(avﬁ»dﬁ(a?ﬁ)? (37)

for every a, 8 € X, and £ € ¢g. This leads to a fixed point of T

Definition 3.2.3.
1
Let 1% denote the family of all functions 7 : (0,00) — (0, E) holding the condi-

tion

T () = (%ﬁ =, =0, (3.8)

and £ > 0.

Theorem 3.2.4 Consider a partially ordered b-MLS (X, 0) which is also com-

plete. Also consider a non-decreasing mapping N : X — X such that

eWNa, NB) < T (P(a, B))P(a, B) + Z(Qlev, 5)) Qlev, ) (3.9)
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for each o, f € X and o <X 3, where J € ¥, Z:[0,00) — [0, 00) is any bounded

function and

P(a, ) = max {Q(a, B), ola, N'a), o(B, N'B), Q(Q’Nﬁé’f(ﬁ’ Ta) }

and

Q(a, ) = min{D*(a, Na), D*(B,N3), D*(a, NB), D*(B, Na)} .
Then it holds the following:
(i) ap € X exists there such that ag < Nay;

(ii) for any sequence {a,} C X which is increasing and is convergent to a € X,
then we have

o, 2o
for each n € N; this leads to the fixed point of N.

Corollary 5. Consider a partially ordered PMS (X, p) which is also complete.

Also consider a non-decreasing mapping N : X — X such that

pNa, NB) < T(P(e, )P (e, 8) + Z(Q(a, 5)) (e, B)

for each o, 8 € X and a < f3,

where J € ¢, I :[0,00) — [0,00) is any bounded function and

Pla8) = max (o, ). pla Na. (s 79, LA ELLEND

and

Q(a, B) = min {p*(a, Na), p*(B, NB), p*(, NB), p*(B, Nav) } .
Then it holds the following:
(i) ap € X exists there such that ag < Nay;

(ii) for any sequence {a,} C X which is increasing and is convergent to a € X,

then we have a,, < « for each n € N; this leads to the fixed point of V.
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Corollary 6. Consider a partially ordered b-MS (X, ds) which is also complete.

Also consider a non-decreasing mapping N : X — X such that

ds(Na, NB) < J(P(e, 8))P(, B) + Z(Q(e, 5)) Qlav, B)

for each o, 8 € X and o =X 3, where J € ¢, I :[0,00) — [0,00) is any bounded

function and

P(Oé,ﬁ) = Imax {dﬂ(a7ﬁ)7d6(a,/\[&), dﬁ(ﬁnl\/’ﬁ), dﬂ(&,/\/ﬁlj@(ﬁ,/\/@)}

and

O(a, ) = 2min{ds(a, Na),dg(B,NS),dg(a, NB),ds(B, Na)} .
Then it holds the following;:
(i) ap € X exists there such that oy < Nay;

(ii) for any sequence {a,} C X which is increasing and is convergent to a € X,

then we have a,, < « for each n € N; this leads to the fixed point of V.



Chapter 4

Extended b-metric-like space

In 2013, Alghamdi et al. [19] investigated the idea of b-MLS. Providing necessary
definitions and examples, Alghamdi et al. proved the existence and uniqueness of
fixed point on expansive mappings in b-MLS. This chapter includes the extension

of b-MLS with necessary definitions, examples and a fixed point result in extended

b-MLS.

4.1 Extended b-metric-like space

This section includes the definitions and examples of extended b-MLS.

Definition 4.1.1.
Consider a set X which is non-empty and ¢ : X x X — [1,00). A function
dy : X x X — [0,00) is said to be an extended b-ML if for all ay,as,a3 € X. It

follows:

(dyl) dy(ar,as) = 0= a3 = ay;

(dy2) dy(ay,as) = dy(asz,a);

(dy3) dy(ay,a3) < I ay,a3)[dy(ar,as) + dy(as, as)]

Then (X, ) is known as extended b-metric-like space.

49
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Remark 4.1.1.
i. In above definition b-MLS is a special case of extended b-MLS when ¥(ay, az) = S
with S > 1.

ii. Further, MLS is a special case of extended b-MLS when ¥(ay,as) = S with
S =1

Example 4.1.1.

Let X ={1,2,3,...} and dy : X x X — [0,00) defined as

dy(p1,p2) = (p1 +p2)2.

Consider a function ¢ : X x X — [1,00) defined as

p1+p2+2
d(p1,p2) = ——.
(b1, p2) p1+ D2

Then (X, dy) is an extended b-MLS.
(dy1l) and (dy2) are obvious.

(dy3) To prove dy(p1,ps) < V(p1,ps)|ds(p1,p2) + dy(pa, p3)l,

we proceed as follows.

dy(p1,p3) = (p1 + p3)’?

< [(p1 4+ p2)* + (p2 + p3)’]
< p1+p3+2
p1+ D3

— 79(171 +p3)[d§(p1,p2) + dﬁ(p27p3>]

[(p1 + p2)* + (p2 + p3)?]

= dy(p1,p3) <V (p1 + p3)[de(p1,p2) + dy(p2, p3)]-

Hence proved that the given mapping is an extended b-MLS.

Example 4.1.2.
Consider a set X = {0,1,2,3,.....} = [0,00) and dy : X x X — [0,00) and is
defined as

dy(p1,p2) = [max{p, pa}]*.
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Consider a function ¢ : X x X — [1,00) defined as

V(p1,p2) = 2p1 + p2 + 2.

Then (X, dy) is an extended b-MLS.
(dyl) and (dy2) are obvious.
(dy3) To prove dy(p1, ps) < V(p1, ps)lds(p1, p2) + do(p2, ps)),

we proceed as follows.

max{p;,p3}* < max{pi, pa, p3}>
< max{pi, po}* + max{py, p3}*
< (2p1 + ps + 2)[max{py, p2}*> + max{ps, p3}*] (. 2p1 +py +2>1).
= Y(p1, p3) [V (p1, p2) + V(p2, p3)]

= dy(p1,p3) < I(p1,p3)[0(p1, p2) + (D2, p3)]-

Hence proved that it is an extended b-MLS.

Definition 4.1.2.
Consider an extended b-MLS (X, dy). It induces a topology 74, on X based on
the family of open dy-balls

Bi,(a,r) ={p € X : |dy(a, B) — dy(a, )| <1},

forallr >0 and o € X.

Definition 4.1.3.
Assume that (X,dy) is an extended 0-MLS having coefficient J(c, 3), and let a

sequence {a,} in X and o € X, then.

i. {a,} is convergent if for « € X, we have

lim dy(a,a,) = dy(a, a).
n—-+00
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ii. {a,} is a Cauchy sequence if and only if

lim dy(an, am),
n—oo

exists finitely.
iii. An extended b-MLS (X, dy) is called complete iff each sequence {a,,} in X
which is Cauchy in X is convergent to o € X that is

lim dy(an, @) = dy(a, @) = lim dy(ay,, ).
n—00 n—00

Definition 4.1.4.
Assume that (X, dy) be an extended b-MLS and also assume U is subset of X. U
is said to be open subset in the set X if for every o« € U some r > 0 exists there

such that U D B(a, ).

Definition 4.1.5.
Assume that (X, dy) be an extended b-MLS and also assume V is a subset of X.
V is said to be closed subset of X if V¢ is open in the set X if for every o € U

there exists some r > 0 such that U D B(a, 7).

Proposition 4.1.1.
Assume that (X, dy) be an extended b-MLS, and consider a sequence {a,,} in the
set X such that

lim dy(a,,a) =0.
n—-+00

Then ‘o’ is unique.

Proof.

Consider there is a f € X, we have

lim dy(c, 5) = 0,

n—0

then
0 < dy(f,a) < I a,B)] ILm dy(an, B) + lim dy(a,, )] = 0.

n—o0
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Therefore from (dy.1), we get

Definition 4.1.6.
Consider an extended b-MLS (X, dy). we define D* : X x X — [0,00) by

DS(CvW) = ‘2d19<C7?7) - dﬁ(CaC) - d19<77777)’

Obviously, D*((,() =0 for all ¢ € X.

Proposition 4.1.2.
Consider an extended b-MLS (X, dy) and the set V be any subset of the set X.
Then for any sequence {a,,} contained in V is closed if and only if {a,,} converges

to « for any o € V.

Proof.
Firstly, we assume the set V to be closed and o ¢ V. Then V¢ is open in the set
X. An r > 0 exists there for which V D By, (a, 7).

Also

a, o as n — oo.

Therefore,

lim |dy(am, @) — dy(a, )| = 0.

n—o0

So, for all n > ny,

there exists an ny € N, which implies

|dy (o, ) — dy(o, )| <7

This leads to a contradiction, because for every n > ng there exists,

VD By, (a,r) D {am}.

As for every n € N, {a,,} is subset of V.
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Conversely, we assume {«,} be any sequence in V convergent to «, this gives

a € V. Letting 8 ¢ V to prove that there exists any rq > 0,

which implies

V N Bdﬁ(ﬁ,ro) = QZ5

Assuming contrarily for every r > 0, we get

VN Bdﬂ(67r> 7& Qb

Therefore, for every n € N take,

ay, € VﬂBdﬁ(ﬁ, %) #+ ¢.

This implies,
1

Therefore,

a, = [ as  n— oo.

Which contradicts to our supposition that V gives § € V. Therefore, there exists
ro > 0 for every § ¢ V such that V N By, (5,79) = ¢. Which confirms that, V is
closed. ]

Lemma 4.1.3.

Consider (X,dy) be an extended b-MLS and is also complete such that dy is a
continuous functional and {a,} be a sequence in X. Let ap € X be an arbitrary
element of X. Consider {a,} = {T™(ap)}. If there is a mapping T : X — X, it

satisfies;
dy (0, anp1) < pidy(om_1, a), (4.1)
1
for any 0 < u < —, and k € [0,1). So, for any oy € X,
K

lim (o, am) < —

m,n—00
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Then it is a Cauchy sequence.

Proof.

Consider any ag € X arbitrarily, then we define an iterative sequence {«,} by,
g, Tag = a1, a9 = Tay = T(Tay) = T* (), ..oy . = T (), ...
Then by successively applying (4.1), we get
dy(n, apy1) < pdy(ao, an). (4.2)

Then by (4.2) and triangular inequality,

for some m > n, we get

dﬂ(an7 ij) Sﬁ(an7 O-/m),undﬁ(a[), al) + ’19(Oén, am)ﬁ(an—f—l; O‘m)ﬂn—’—ldﬁ(aOa 041)

4+ + P n, Q) H Qg1 O H (A2, Q) e Hm—2, Q)

n

< dy(a, o) [0, o), ). D (A1, Qi )0 (Ot Q)
+ I, am)Vag, ). 0(, )0 (a1, am)u"H
+ o+, am) P (g, Q). (g, Q) (@1, Q)
(i, ) (1, Q) 1™ ]
Since,

lm i1, am)p < 1,

m,n—00
so this implies that the series Y~ pu" [, ¥(v, ) is convergent by ratio test

for any m € N.

Let,
S = Z " Hﬂ(ai, Q)
k=1 =1

and

0 J
Sy = Z [ H Vg, o).
j=1  i=1
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For m > n, it follows from the above inequality

dﬁ(ana am) S dﬁ(QOa al)[sm—l - Sn—l]-

= lim dy(an, an) < dy(ag, a1)[Sm-1 — Sn_1] = 0.

m,n—00

= lim dy(an,a,) =0.

m,n—00

As lim dy(an, a,,) = 0 is finite. Hence the sequence {a,} is Cauchy. O

m,n—00

Theorem 4.1.7
Consider (X, dy) be an extended b-MLS which is also complete. Assume T : X —

X be a mapping which is onto and it satisfies;

dy(Te, TB) > [P+ Nmin{D*(a, Tx), D*(8, 1), D*(r, TB), D*(B, Tcx) }]do (e, B),
(4.3)

for each o, 5 € X, where P > k, N > 0. This leads to a fixed point of the mapping
T.

Proof.

Assume any o € X, as T is onto, then a; € X exists there such that

aog = TOél.

Applying this process further, we have

a, =Tay,y, for every n e NU{0}.

For some case if
Qg = Qpgy1 for any  ng € NU{0},

then obviously v, is a fixed point of the mapping 7.

Now by assuming

Q, # apyq for every  n.
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Using a = «, and f = a,11 in (4.3), we have

dy(Ton, Tay1) >[P + Nmin{D*(ay,, Tow,), D* (i1, Tani1),

Ds(ana Tan+1)7 Ds(an+17 Tan)}]dﬁ(an> an—l—l)-
This implies,

dﬁ(an—luan) Z[P+ Nmin{DS<Oén,Oén_l)’DS<Oén+1,Oén),DS<Oén,O{n>,

Ds(QnJrla Oénfl)}]dﬁ(ana anJrl)

= Pdy(apn, api1).

This implies
dﬁ(ana OénJrl) S ld19<05nfl; an>7
1

Where [ = —
ere Iz <

3

Then by Lemma 4.1.3,

we get  lim dy(ay, a,,) = 0.
m,n—00

Now, As lim dy(a,, @) = 0. exists finitely, which implies that the sequence
m,n—00

{a,,} is a Cauchy sequence. As (X, dy) is an extended b-MLS and is also complete,

this implies {a,,} in the set X is convergent to some ¢ € X, such that

lim dy(an,q) =dy(q,q) = lim dy(a,, o) = 0.

m,n—oo m,n—00

Since the mapping T is onto, so w € X exists there which implies ¢ = Tw. From

(4.3), we have the following

dy(ap,w) =dy(Ton11, Tw)
>[P + N min{D*(cop+1, Tany1), D (w, Tw), D* (a1, Tw),
D*(w, Tap41)}dy (g1, w).
=[P + N min{D*(ap+1, ), D’ (w, q), D* (11, q),

D*(w, o) }dy(om 1, w).
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Using limit n — oo, we have

0= lim dy(an,q) > P lim dy(an41,w).

n—oo n— o0
This implies,
lim dy(apy1,w) = 0.
n—oo

we have ¢ = w,

which implies ¢ = T'q. 0

In the above mentioned theorem if we consider N = 0. This leads to the following.

Corollary 7.
Consider (X,dy) is an extended b-MLS which is also complete. Assume that

T : X — X be a mapping which is onto and it satisfies

for every a, f € X, where P > k. This leads to the fixed point of the mapping 7.

Example 4.1.3. Consider a set X = [0,00) and dy : X x X — [0,00) defined as

dy(a, ) = (a + B)*.

And ¥ : X x X — [1,00) defined as

at+fB+2
a+p

¥ a, 5)
Clearly, (X,dy) is an extended b-MLS. Define T': X — X as

ba ifa€0,1)
Ta=4¢ 6a+2 ifacll,2),
ba+4 ifa € [2,00).

As T is onto. So, now we check the following cases:
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1.

ii.

iii.

1v.

V1.

Assume that o, 8 € [0,1), so

dy(Ta, TB) = (5a + 56)* = 25(a + B)? > 3(a + B)? = 3dy(a, B).

Assume that o, 8 € [1,2), so

dg(Ta, TB) = (6a+6542)? > (6a+66)% = 36(a+3)? > 3(a+3)? = 3dy(a, B).

Assume that «, § € [2,00), so

dy(To, TB) = (5a+58+4)* > (5a+58)? = 25(a+B)? > 3(a+p)? = 3dy(a, ).

Assume that o € [0,1) and § € [1,2), so

do(Ta, TB) = (5a-+68+2) > (50+58)> = 25(a+B8)? > 3(a+B)? = 3dy(a, B).

. Assume that « € [0,1) and 8 € [2,0), so

dg(To, TB) = (5a+58+4)% > (5a+56)? = 25(a+B)? > 3(a+F)? = 3dy(a, B).

Assume that a € [1,2) and § € [2,00), so

dg(Ta, TB) = (6a+56+4)? > (5a+56)% = 25(a+3)? > 3(a+3)? = 3dy(a, B).

So, dy(Ta, TP) > Pdy(a, ) for each o, 5 € X, and P =3 > 2 = k.

So it satisfies the conditions in Corollary 7. Hence o = 0 is a fixed point of the

mapping 7'.



Chapter 5

Final Remarks

The dissertation comes to its end in the following manner:

e The dissertation is started with brief introduction, pointing out the related

history and work done by many mathematicians.

e As supportive material, some abstract spaces like metric space, partial met-
ric space, b-metric space and metric-like space are elaborated with proper

examples, convergence, completeness and Cauchy criteria.

e A section is mentioned for brief discussion on fixed point theory. This helps

to understand the existence and uniqueness of the fixed point in main results.

e Different mappings are also elaborated for better understanding of expansive

mappings, that are used in the main results.

e This research is based on b-metric-like space. A detailed review of the paper
“Fixed point and coupled fixed point point on b-metric-like spaces”. Defini-
tion and examples of b-metric-like space are elaborated. Some basic results
are also mentioned which are helpful for the main result. The main result
is based on expansive mappings providing the existence and uniqueness of

fixed point.

e Inspired from the paper of Alghamdi et al. and taking inspiration from
the paper of Kamran et al. an extended b-metric-like space is investigated.
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Some basic tools such as convergence and completeness are provided. Some

examples are verified for better understanding.

e Providing some basic results, the main result is elaborated which is based on
expansive mapping and showing the existence and uniqueness of fixed point.

An example is also provided to validate the result.
e In future,

i. the application of given result can be provided.

ii. using the idea of extended b-metric-like space, one can establish further

results.
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